We compute lattice renormalisation constants of one-link quark operators (i.e. operators with one covariant derivative) for overlap fermions and Lüscher-Weisz gauge action in one-loop perturbation theory. Among others, such operators enter the calculation of moments of polarised and unpolarised hadron structure functions. Results are given for β = 8.45, β = 8.0 and mass parameter ρ = 1.4, which are commonly used in numerical simulations. We apply mean field (tadpole) improvement to our results.
Introduction
In a recent publication [1] we have computed lattice renormalisation constants of local bilinear quark operators for overlap fermions and improved gauge actions in one-loop perturbation theory. Among the actions we considered were the Symanzik, Lüscher-Weisz, Iwasaki and DBW2 gauge actions. The results were given for a variety of ρ parameters. Furthermore, we showed how to apply mean field (tadpole) improvement to overlap fermions. In this letter we shall extend our work to one-link bilinear quark operators. Operators of this kind enter, for example, the calculation of moments of polarised and unpolarised hadron structure functions. The present calculations are much more involved than the previous ones, so that we shall restrict ourselves to the Lüscher-Weisz action, and to parameters actually being used in numerical calculations.
The integral part of the overlap fermion action [2, 3, 4 ]
m being the mass of the quark, is the Neuberger-Dirac operator
where D W is the Wilson-Dirac operator, and ρ is a real parameter corresponding to a negative mass term. At tree level 0 < ρ < 2r, where r is the Wilson parameter. We take r = 1 and consider massless quarks.
Numerical simulations of overlap fermions are significantly more costly than simulations of Wilson fermions. The cost of overlap fermions is largely determined by the condition number of X † X. This number is greatly reduced for improved gauge field actions [5] . For example, for the tadpole improved Lüscher-Weisz action we found a reduction factor of 3 compared to the Wilson gauge field action [6] . The reason is that the Lüscher-Weisz action suppresses unphysical zero modes, sometimes called dislocations [7] . A reduction of the number of small modes of X † X appears also to result in an improvement of the locality of the overlap operator [5] .
We consider the tadpole improved Lüscher-Weisz action [8, 9, 10] 
where U plaquette is the standard plaquette, U rectangle denotes the loop of link matrices around the 1 × 2 rectangle, and U paralellogram denotes the loop along the edges of the threedimensional cube. It is required that c 0 + 8c 1 + 8c 3 = 1 in the limit g → 0, in order to ensure the correct continuum limit. We define
The remaining parameters are [10] :
where
The final results cannot be expressed in analytic form (as a function of β and ρ) anymore. We therefore have to make a choice. Here we consider two couplings, β = 8.45 and 8.0, at which we run Monte Carlo simulations at present [6, 11] 
In (7) we also quote the corresponding force parameters r 0 /a, as given in [12] . Assuming that r 0 = 0.5 fm, they translate into a lattice spacing of a = 0.095 fm at β = 8.45 and a = 0.136 fm at β = 8.0. The mass parameter was chosen to be ρ = 1.4. This appeared to be a fair compromise between optimising the condition number of X † X as well as the locality properties of D N [13] .
The paper is organised as follows. In Section 2 we give a brief outline of our calculations and present results for the renormalisation constants in one-loop perturbation theory. In Section 3 we tadpole improve our results, and in Section 4 we give our conclusions.
Outline of the calculation and one-loop results
The Feynman rules specific for overlap fermions [14, 15] are collected in [1] , while the gluon-operator and the gluon-gluon-operator vertices (needed for the cockscomb and operator tadpole diagrams) are independent of the fermion action and can be found in [16] .
We consider general covariant gauges, specified by the gauge parameter ξ. The Landau gauge corresponds to ξ = 1, while the Feynman gauge corresponds to ξ = 0. In lattice momentum space the gluon propagator D µν (k) is given by the set of linear equations
and
The coefficients {C i } are related to the coefficients {c i } of the improved action by
The calculations are done analytically as far as this is possible using Mathematica. Part of the numerical results have been checked by an independent routine.
The bare lattice operators O(a) are, in general, divergent as a → 0. We define finite renormalised operators by
where S denotes the renormalisation scheme. We have assumed that the operators do not mix under renormalisation, which is the case for the operators considered in this letter. The renormalisation constants Z O are often determined in the MOM scheme first from the gauge fixed quark propagator S N and the amputated Green function Λ O of the operator O:
(Note that Z ψ = 1/Z 2 .) The renormalisation constants can be converted to the MS scheme,
are calculable in continuum perturbation theory, and therefore are independent of the particular choice of lattice gauge and fermion actions.
In [1] the wave function renormalisation constants where found to be
in the MOM scheme, and
in the MS scheme, with C F = 4/3 and
We consider the following one-link operators
Dν is the (symmetric) lattice covariant derivative. While in our previous work [1] , which involved local bilinear quark operators, we only had to deal with the vertex diagram shown on the left-hand side of Fig. 1 , we now obtain contributions from additional diagrams: the operator tadpole and the cockscomb diagrams shown on the right-hand side of 
where p is the external quark momentum, and the coefficients {b i } are given in Table 1 for It has been checked numerically that the gauge dependent part of (21) is universal (i.e. independent of the lattice gauge and fermion action), in accordance with the arguments presented in [1] .
Under the hypercubic group H(4) the 16 operators of type (19) fall into the following four irreducible representations [17] :
(We have given one example operator in each representation. A complete basis for each representation can be found in [17] .) The operators (22) and (23) are widely used in numerical simulations [18, 19, 6, 11] . They correspond to the first moment of the parton distribution. The operators (24) and (25) represent higher twist contributions in the operator product expansion, and so are not used as much as operators in the first two representations. For completeness we give results for all four representations, so that the renormalisation factors for all operators of the form (19) will be known. We denote the corresponding amputated Green functions by Λ v 2a , Λ v 2b , Λ v 2c and Λ v 2d . From (21) we read off
with
It is worth pointing out that with Wilson or clover fermions the Green functions Λ v 2c and Λ v 2d both show perturbative mixing of O(g 2 /a) with local operators. With overlap fermions these O(1/a) terms are completely absent, showing once again that overlap fermions behave much more like continuum fermions when mixing is a possibility.
Using (14) and (16), we obtain the renormalisation constants in the MOM scheme:
As already mentioned, the conversion factors
are universal [16] . They are given by
In the MS scheme we then find
Tadpole improved results
A detailed discussion of mean field -or tadpole -improvement for overlap fermions and extended gauge actions has been given in [1] . Here we will briefly recall the basic idea, before presenting our results.
Tadpole improved renormalisation constants are defined by
where Z
M F O
is the mean field approximation of Z O , while the right-hand factor is computed in perturbation theory. For overlap fermions (with r = 1), and operators with n D covariant derivatives, we have
In our case n D = 1. It is required that ρ > 4(1 − u 0 ), which is fulfilled here (see Table 2 ).
To compute the right-hand factor in (39), we have to remove the tadpole contributions from the perturbative expressions of Z O first. This is achieved if we re-express the perturbative series in terms of tadpole improved coefficients: This does not fix all parameters, but leaves us with some freedom of choice. The simplest choice is to define
, c
With this choice
(Note that C 3 , respectively, while keeping c 0 unchanged. The effect of introducing tadpole improved coefficients (42) is that the rescaled gluon propagator remains of the same form as we change u 0 , thus ensuring fast convergence.
To compute Z
perturbatively, we need to know the perturbative expansion of u 0 to one-loop order [20, 10] . We write
In [1] we have computed k 2 . The numbers are given in Table 2 for our two values of β, together with the 'measured' values of u 
Let us now rewrite the one-loop renormalisation constants of Section 2 as
Dividing (46) and (47) by (45) and inserting (40), we obtain mean field/tadpole improved renormalisation constants:
where we have introduced the abbreviated notation
The coefficients B(ρ, C T I ) are the analogue of B(ρ, C), with C 0 , C 1 and C 2 being replaced by C To tadpole improved the fermion propagator as well, we must replace ρ by [1] 
in the right-hand perturbative factor of (39). This defines 'fully tadpole improved' renormalisation constants
In Table 3 we present our final results and compare tadpole improved and unimproved renormalisation constants. We see that the improved coefficients B are rather small in the case of the operators v 2a and v 2b , much smaller than for Wilson and clover fermions [21] , which raises hope that the perturbative series converges rapidly. This furthermore means that the dominant contribution to the renormalisation constants is given by the mean field factor (40).
Summary
We have computed the renormalisation constants of one-link quark operators for overlap fermions and tadpole improved Lüscher-Weisz action for two values of the coupling, β = Table 3 : The constants B and Z M S at a = 1/µ for various levels of improvement.
8.45 and 8.0, being used in current simulations. The calculations have been performed in general covariant gauge, using the symbolic language Mathematica. This gave us complete control over the Lorentz and spin structure, the cancellation of infrared divergences, as well as the cancellation of 1/a singularities. However, the price is high. In intermediate steps we had to deal with O(10 5 ) terms due to the complexity of the gauge field action.
To improve the convergence of the perturbative series and to get rid of lattice artefacts, we have applied tadpole improvement to our results. This was done in two stages. In the first stage we improved the gluon propagator, while in the second stage we improved both gluon and quark propagators.
Results at other β values, ρ parameters (also including other gauge field actions with up to six links) can be provided on request.
